In this note we consider the bent linear 2-tree and provide an explicit formula for the resistance distance r Gn p1, nq between the first and last vertices of the graph. We call the graph G n with vertex set V pG n q " t1, 2, . . . , nu and ti, ju P EpG n q if and only if 0 ă |i´j| ď 2 a straight linear 2-tree. We define the graph H n with V pH n q " V pG n q and EpH n q " pEpG n q Y tk, k`3uqzptk`1, k`3u to be a bent linear 2-tree with bend at vertex k.
Introduction
An undirected graph G consists of a finite set V called the vertices, a subset E of two-element subsets of V called the edges, and a set w of positive weights associated with each edge in G. For convenience we usually take the vertex set V to be t1, 2, . . . , nu. The adjacency matrix of G, ApGq, is the nˆn nonnegative symmetric matrix defined by
wpi, jq if ti, ju is an edge of G 0 otherwise and its Laplacian matrix, LpGq is the nˆn real symmetric matrix defined by
degpiq if i " j wpi, jq if i ‰ j and ti, ju is an edge of G 0 otherwise, where degpiq is the sum of the edge weights of the edges incident to i. In this note we will consider the resistance distance (or effective resistance) in a so-called "bent linear 2-tree". Roughly speaking the resistance distance between two nodes on a graph is determined by considering the graph as an electrical circuit with edges being represented as resistors. The resistance on each edge is the reciprocal of the edge weight. Using the standard laws of electrical conductance the resistance distance of the graph can be determined. For undirected graphs, a well known result links the resistance distance between two nodes to the Moore-Penrose inverse of the graph Laplacian. Specifically given two nodes i and j of a graph the effective resistance r G pi, jq between the nodes is given by r G pi, jq " pe i´ej q T L : pe i´ej q.
This formula works well for small and intermediate sized graphs, but is difficult to apply both theoretically and computationally for very large graphs. Other techniques, such as circuit transformations can also be applied to determine the resistance distance. For a few graphs resistance distance between any two vertices has been calculated explicitly as a function of the number of vertices in the graph [1, 7, 2] . Before defining a bent linear 2-tree we recall the definition of a linear 2-tree and a straight linear 2-tree. Earlier work by the authors [2] considered resistance distance in a straight linear 2-tree with n vertices and m " n´2 triangles and obtained the following result.
Theorem. Let G n be the straight linear 2-tree on n vertices labeled as in Figure 1 , and let m " n´2 be the number of triangles in G n . Then for any two vertices j and j`k of G n , r m pj, j`kq "
where F p is the pth Fibonacci number.
In this work we consider a modification of the straight linear 2-tree which we term the bent linear 2-tree whose definition is below. Definition 1.3 (bent linear 2-tree). We define the graph H n with V pH n q " V pG n q and EpH n q " pEpG n q Y tk, k3 uqzptk`1, k`3u to be a bent linear 2-tree with bend at vertex k. See Figure 2 .
In essence a bent linear 2 tree differs from a straight linear 2 tree in that vertex k has degree 5, vertex k`1 has degree 3 and all other vertices have degrees as before. Our main result is: Theorem 3.6. Given a bent linear 2-tree with n vertices, m " n´2 triangles, and one bend located at vertex k, the resistance distance between node 1 and node n is
where F p is the pth Fibonacci number and L q is the qth Lucas number.
In Section 2 we explain our main tool, the ∆-Y transform, and cite important Fibonacci and Lucas number identities that will be used in the paper. In Section 3 we show our main result. 
Transformations and Necessary Identities
In this paper we will determine the effective resistance between the extreme vertices of a bent linear 2-tree by performing a sequence of ∆-Y transformations, and using the standard rules for circuits in series and parallel (instead of using the Moore-Penrose pseudo inverse of the graph Laplacian). A ∆-Y transformation is a mathematical technique to convert resistors in a triangle (∆) formation to an equivalent system of three resistors in a "Y" format as illustrated in Figure 3 . We formalize this transformation below.
Definition 2.1 (∆´Y transformation). Let N 1 , N 2 , N 3 be nodes and R A , R B and R C be given resistances as shown in Figure 3 . The equivalent circuit in the "Y" format as shown in Figure 3 has the following resistances:
Fibonacci and Lucas Identities
Both Fibonacci and Lucas numbers are important to the proof of our main results. By F n we denote the nth Fibonacci number and by L m we denote the mth Lucas number.
Proof. For the proof see [6] .
Proof. For the proof see [3] .
roof. For the proof see [3] .
Proof. For the proof see [3] . Proposition 2.13. For integers a, b, c, and n the following relationship holds
Proof. For the proof see [5] .
Proposition 2.14.
Maximal resistance distance in linear 2-trees with a bend at vertex k
When determining the resistance distance between node 1 and node n we use a similar strategy to that detailed in [2] and demonstrated in Figures 4 and 5
• First perform the ∆-Y transform on the leftmost triangle (defined by the vertices 1, 2, and 3). This results in a new graph node˚as shown in Figure 4 .
• Next, sum the weight between vertices 2 and˚with the weight between vertices 2 and 4, delete vertex 2 and rename vertex * as vertex 2 as shown in Figure 5 .
• Perform a ∆-Y transform on the new left-most triangle.
We continue in this manner until all the k´2nd triangle has been removed. We then repeat this process starting with the rightmost triangle (defined by the vertices n, n´1 and n´2) until the n´k´2nd triangle is removed and we are left with two triangles and two long tail. (See Figure 6 ). We then perform one final ∆-Y transformation on the n´k´1st triangle leaving us with a pair of parallel edges and a two long tails, as in Figure 7 .
Remark 3.1. Notice that the jth ∆-Y transformation transforms a triangle with node labels j, j`1, and j`2 into a Y with nodes labeled j, j`1, j`2, and˚. We name the edges so that R j A " rpj, j`1q, R j B " rpj, j`2q, and R j C " rpj`1, j`2q. Thus, in the subsequent, equivalent network, t j " R j 3 " rp˚, jq, s j " R j 2 " rp˚, j`1q, and b j " R j 1 " rp˚, j`2q. We call t k the tail resistance because after a sequence of ∆-Y transforms several resistors are left in a tail. This resistance will never be involved in another ∆-Y transformation. Notice that when performing the merge step described in the second bullet above, s k will always be on the edge that is merged. It is easy to verify that R j C " 1 for every j. 
Figure 6: A bent linear 2-tree after k´2 transformations on the left and ℓ´1 " n´k´2 transformations on the right. 
Proof. For ease of notation, let p " k´2. Starting at node 1, perform p ∆´Y transformations. Similarly, starting at node n perform ℓ ∆-Y transformations. This results in the configuration shown Figure 7 . Thus
Lemma 3.3. For integers m and k the relationship
holds.
Proof. Applying Proposition 2.13 with n " k, a " m´k, b "´1 and c " 2 yields
Since F´r " p´1q r`1 F r , this is equivalent to
Lemma 3.4. For integers m and k the relationship
Proof. Applying proposition 2.14 with n " k´1, i " 2, and r " m´k`1 yields the desired equality.
Lemma 3.5. For integers m and k the relationship
Proof. Using Lemma 3.4
Theorem 3.6. Given a bent linear 2-tree with n vertices, m " n´2 triangles, and one bend located at vertex k P t3, 4, . . . , n´3u, the resistance distance between node 1 and node n is
Proof. Fix n and 3 ď k ď n´3, and we induct on k. Base Case (k " 3q: From Theorem 3.2
.
By Lemma 4.4 in the Appendix this quantity is equal to
We now assume that (7) holds for k and show it also holds for k`1. Letting ℓ " m´k`1 and p " k´2, from (6)
Grouping those terms in the numerator containing the product F 2p`2 F 2p`4 F 2ℓ F 2ℓ`2 and canceling the common factors in the numerator and denomenator
Grouping those terms in the numerator containing the product F 2ℓ F 2ℓ`2 yields
Finally grouping the remaining terms yields
Thus,
Adding this result to m`1 5`4
which is r m,k`1 p1, nq as desired.
Appendix
Lemma 4.1.
Proof.
for integers m ě 1.
Lemma 4.3.
Proof. 
Proof. By [2, Proposition 52]
and by [2, Proposition 51]
Hence (applying Lemmas 4.1-4.3)
(By Lemma 4.1)
(By Lemma 4.2)
(By Lemma 4.3) " pF 2m´2`3 F 2 m´2 qp4F 2m´2`3 F 2 m´1 q 3F 2m´2 F 2m`2`1 3`m´2
